Abstract. C. F. Gauss discovered a beautiful formula for the number of irreducible polynomials of a given degree over a finite field. Using just very basic knowledge of finite fields and the inclusion-exclusion formula, we show how one can see the shape of this formula and its proof almost instantly.
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Abstract. C. F. Gauss discovered a beautiful formula for the number of irreducible polynomials of a given degree over a finite field. Using just very basic knowledge of finite fields and the inclusion-exclusion formula, we show how one can see the shape of this formula and its proof almost instantly. irreducible monic polynomials of degree 30 over the field of two elements? In this note we will show how one can see the answer instantly using just very basic knowledge of finite fields and the well-known inclusion-exclusion principle.
To set the stage, let F q denote the finite field of q elements. Then in general, the number of monic irreducible polynomials of degree n over the finite field F q is given by Gauss's formula 1 n
where d runs over the set of all positive divisors of n including 1 and n, and µ(r) is the Möbius function. (Recall that µ(1) = 1 and µ(r) evaluated at a product of distinct primes is 1 or -1 according to whether the number of factors is even or odd. For all other natural numbers µ(r) = 0.) This beautiful formula is well-known and was discovered by Gauss [2, p. 602-629] in the case when q is a prime. We will present a proof of this formula that uses only elementary facts about finite fields and the inclusion-exclusion principle. Our approach offers the reader a new insight into this formula because our proof gives a precise field theoretic meaning to each summand in the above formula. The classical proof [3, p. 84] which uses the Möbius' inversion formula does not offer this insight. Therefore we hope that students and users of finite fields may find our approach helpful. It is surprising that our simple argument is not available in textbooks, although it must be known to some specialists. Proof of Gauss's formula Before we present our proof we collect some basic facts about finite fields that we will need. These facts and their proofs can be found in almost any standard algebra textbook that covers finite fields. See for example [1, Chapter 14.3] With these basic facts under our belt we proceed to show that the total number of irreducible monic polynomials of degree n over F q is equal to 1 n
The case n = 1 is easy because every degree one monic polynomial is irreducible. In fact, the total number of degree one monic polynomials over F q is equal to q, and this is exactly what we get from the above formula when we plug in n = 1. Therefore for the rest of the proof we will assume that n > 1. Let P n denote the collection of all irreducible monic polynomials of degree n over F q and let R n be the union of all the roots of all the polynomials in P n . Note that fact (2) ensures that the roots thus obtained are contained in F q n . Moreover, using facts (3) and (4) we conclude that R n is the disjoint union of n-element sets, one for each polynomial in P n . Thus,
Therefore, it is enough to compute |R n |. To this end, observe that
Let n = u a v b w c · · · be the prime factorization of n with r distinct prime factors (recall that n > 1). Then the maximal subfields of F q n by fact (4) are of the form
Then by the third interpretation of R n given above, we have
where the complement is taken in the field F q n . Fact (4) implies that the lattice of subfields of F q n that contain F q is isomorphic to the lattice of divisors of n. Thus, we have
, etc. The cardinality of R n can now be computed using the inclusion-exclusion principle as follows.
Finally, the formula for |P n | takes the desired form when we divide |R n | by n and use the Möbius function.
We end by pointing out that if one is interested in counting the cardinality of all irreducible polynomials of degree n (not necessarily monic) over F q then we simply multiply |P n | by q − 1. This is because every such polynomial p(x) can be uniquely written as αr(x) where α is a non-zero element of F q and r(x) is an irreducible monic polynomial of the same degree.
